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Monte Carlo dynamics of driven elastic strings in disordered media
Alberto Rosso* and Werner Krauth*
CNRS-Laboratoire de Physique Statistique, Ecole Normale Supe´rieure, 24, rue Lhomond, 75231 Paris Cedex 05, France
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We show that the common local Monte Carlo rules used to simulate the motion of driven elastic strings in
disordered media cannot capture the interplay between elasticity and disorder which lies at the heart of these
systems. We therefore discuss a class of generalized Monte Carlo algorithms where an arbitrary number of line
elements may move at the same time. We prove that all these dynamical rules have the same value of the
critical force and possess phase spaces made up of a single ergodic component. A variant Monte Carlo
algorithm allows us to compute the critical force of a sample in a single pass through the system. We establish
dynamical scaling properties and obtain precise values for the critical force, which is finite even for an
unbounded distribution of the disorder. Extensions to higher dimensions are outlined.
DOI: 10.1103/PhysRevB.65.012202 PACS number~s!: 74.60.Ge, 02.70.Tt, 05.60.Cd
In the last few years, the study of elastic manifolds in
random media has received much attention.
These systems appear in a wide range of physical sys-
tems, ranging from vortices in type-II superconductors1 to
charge density waves,2 to interfaces in disordered magnets,3
and to the problem of directed polymer growth.4 The re-
sponse of elastic manifolds to an external driving force f is
highly nontrivial: at temperature T50, the manifold is com-
pletely ‘‘pinned’’ at small forces, while it moves with non-
zero velocity at forces larger than a certain critical force f c .
At finite, but small, T, a so-called ‘‘creep motion’’ takes
place for f ! f c , while the motion at f @ f c is described by
viscous flow. Many details of this dynamical problem, both
at T50 and at finite temperatures, have yet to be understood
fully.5,6
This paper is concerned with an analysis of the dynamical
Monte Carlo method7 as applied to lattice models of driven
elastic manifolds in random media. We argue that the com-
mon local Monte Carlo rules8–11 are often incompatible with
the Langevin dynamics,12–14 which defines time evolution in
continuum models. We instead propose generalized Monte
Carlo algorithms where an arbitrary number of elements may
move at the same time. For this class of algorithms, we can
establish the uniqueness of the critical force and single con-
nectedness of phase space. Furthermore, we devise a method
which simplifies enormously the calculation of the critical
force.
Our model is sketched in Fig. 1. We consider a one-
dimensional manifold, an elastic string, x t5$x i
t% i50, . . . ,L ,
moving at times t50,1,2, . . . on a spatial square lattice with
a random potential V(i ,x) with x50,1, . . . . We also intro-
duce a metric constraint
ux i11
t
2x i
tu<1 ~1!
as well as periodic boundary conditions (x0t 5xLt ) on the
string. The random potential satisfies
V~ i ,x i1M !5V~ i1L ,x i!5V~ i ,x i!. ~2!
This condition defines an effective sample of size (L ,M ).
While Eq. ~2! is important for the following, the periodic
boundary condition for the string and the specific choice of
lattice are inessential details.
The energy of an elastic string x t in the presence of an
external driving force f is given by
E~x t!5(
i51
L
V~ i ,x i
t!2 f x it1Eel~ ux i112x iu!. ~3!
The last term in Eq. ~3! is the elastic energy Eel . The algo-
rithm presented in this paper remains valid as long as
Eel(ux i112x iu) is convex and with a general random poten-
tial.
In Fig. 1, a local Monte Carlo move is indicated. In the
local Monte Carlo algorithm, the proposed configuration x˜
differs from the present configuration x t only on a random
position i. One chooses x˜ i5x i61 with equal probability. At
zero temperature, the move is accepted (x t115x˜ ) if the en-
ergy, Eq. ~3!, decreases and if the metric constraint, Eq. ~1!,
is satisfied. Otherwise, it is rejected (x t115x t).
FIG. 1. Elastic string x t5$x i
t% i50, . . . ,L on a spatial square lattice
with disorder potential V(i ,x). Periodic boundary conditions in i
and x are assumed for the lattice and the disorder, respectively. The
direction of the driving force f is indicated, as well as a proposed
local Monte Carlo move. The local dynamics leads to a trivial criti-
cal force in the limit of large systems.
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This rule has been used in past simulations, in spite
of its very serious shortcomings. Consider, for example, the
site in Fig. 1 marked with a circle, (i0 ,x0). The string x t
shown in Fig. 1 can only move away from (i0 ,x0) if
f .V(i0 ,x011)2V(i0 ,x0)1c . Even an infinitely long
string (L→`) is thus stopped by a single deep pin V(i0 ,x0)
and the motion does not differ qualitatively from the one of a
point in a disordered potential.15,16 For an unbounded distri-
bution of V, the critical force is infinite. Notice that f is a
force density. The local Monte Carlo algorithm generates the
inconsistent feature that in order to liberate a long flux line
from a single deep pin we have to apply an infinite driving
force on any single point on the line. The scenario which we
just discussed for the metric constraint remains unchanged
for any elastic potential stronger than the harmonic one @e.g.,
Eel5c1(x i112x i)21c2(x i112x i)4#. Only for an at most
harmonic elastic potential may the local Monte Carlo algo-
rithm overcome a single deep pin. In that case, we find on
the lattice a critical force for the local Monte Carlo algorithm
which differs from the one obtained with our more general
algorithm.
Some authors have countered the mentioned difficulties
by using a bounded distribution, uVu,Vmax . In this case, the
critical force of the local Monte Carlo algorithm will be trivi-
ally f c52Vmax and, as already pointed out for the random
Ising model,9 the dynamics of the string will be similar to the
motion of the nondisordered system.
We conclude that the description of a driven elastic string
by means of a local Monte Carlo algorithm or its variants11
eliminates the very feature which makes the problem inter-
esting in the first place: namely, the competition between
elasticity and disorder. This competition is preserved in the
continuum Langevin dynamics.13,5
Within the Monte Carlo method, we are thus naturally
lead to consider generalizations of the model. The only
option is to abandon the local moves in favor of rules which
allow extended moves. The study of extended moves in
dynamical Monte Carlo is the subject of this paper. Let us
note from the beginning that in the continuum Langevin dy-
namics the energy is local, but that the gradient of the energy
¹E52dx t/dt is an L-component vector which will corre-
spond to an extended move in our Monte Carlo approach.
The above argument shows that, on a lattice for the cases
considered, we cannot consistently decompose gradient mo-
tion into a succession of single-component moves.
Let us define ‘‘model a’’ dynamics by a proposed move
x t→x t1d t with d t5$d i
t% i50, . . . ,L such that
d i
t
5H 11 p0 with prob. 122p
21 p
J ;i ~model a!. ~4!
At zero temperature, the proposed move is accepted, x t11
5x t1d t, if the resulting configuration both satisfies the met-
ric constraint, Eq. ~1!, and decreases the string energy, Eq.
~3!. Note that under model a dynamics a move is proposed
with the same probability as its inverse. This serves to en-
force detailed balance, which allows us to naturally general-
ize the rule to finite temperatures via the Metropolis algo-
rithm. The same can usually not be done for cellular
automata methods.13,14,17
A possible second rule ~‘‘model b’’! chooses at each time
t with equal probability either to move forward (m t51) or
backwards (m t521). The following move is then proposed:
d i5H m
t p
with prob.
0 12pJ ;i ~model b!. ~5!
The simulation of dynamical models with such global
moves may appear hopeless because of the difficulty to de-
tect the few energetically favorable choices among the expo-
nential number of possibilities in Eq. ~4! or in Eq. ~5!.
To show that the situation is much less desperate, let us
first define a ‘‘forward front’’ of length k as a contiguous
set of points i ,i11, . . . ,i1k21, which may advance
together without violating the metric constraints, Eq. ~1!
(d i5d i11 . . . 5d i1k2151 with d i21Þ1, d i1kÞ1). A
‘‘backward front’’ is defined analogously. We call ‘‘unstable’’
a front which lowers the energy, Eq. ~3!. The moves pro-
posed in Figs. 2~a! and 2~b! each consist of two fronts. At
least one of these must be unstable if the move is to be
accepted ~this is immediately apparent for model b and fol-
lows for model a from an elementary consideration!. To de-
termine whether a configuration x t is unstable, we only need
to consider the at most 2L(L21)12 fronts of x t rather than
the exponential number of moves in Eq. ~4! or Eq. ~5!.
Besides model a and model b dynamics, it is also possible
to set up single-front dynamical rules which respect detailed
balance. These rules @as sketched in Fig. 2 ~c!# can be simu-
lated with less effort than model a or model b. Even in the
latter cases, though, we have developed methods which real-
ize Eqs. ~4! and ~5! while never attempting a move forbidden
by Eq. ~1!.
Our main point in the present paper is that a great deal of
information is available without actually simulating the dy-
namic rules. We will show that f c is the same for all models
and that the critical string can be obtained easily.
We define, for an arbitrary string xa, the ‘‘depinning
force’’ f d(xa) as the smallest non-negative f in Eq. ~3! which
FIG. 2. Nonlocal Monte Carlo moves which are considered in
this paper. Model a: all positions x i
t (i51, . . . ,L) may change at
the same time by a value 61. Model b: as in a, but the motion is
either in forward or in backward direction. Model c: as in b, but the
motion is restricted to single ‘‘fronts.’’
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destabilizes one forward front. Furthermore, we define the
critical force of a given sample ~of size L3M ) as
f c5max
$xa%
f d~xa!, ~6!
where $xa% is the set of all possible strings. Notice that the
definiton of f c or f d(xa) is model independent. We show in
the following that f c in Eq. ~6! is an appropriate definition
for all cases as, for a driving force f , f c , the system will be
pinned in the long-time limit t→` .
To prove the above, we introduce a variant Monte Carlo
~VMC! algorithm which, as a by-product, will allow us to
actually compute f c with great ease.
At each time step t50,1, . . . , the VMC algorithm simply
moves a single front of minimal length k among the unstable
forward and backward fronts. The VMC method violates de-
tailed balance and is not a valid Monte Carlo algorithm as it
stands. However, each move possible within the VMC algo-
rithm is also allowed with all the other models considered.
We have proved the following theorem: if, under VMC
dynamics at driving force f, a string xa is pinned in the
forward direction, it can at most recede towards a configura-
tion xb (x ib<x ia;i), which is itself pinned in the forward
direction. Eventually, we will reach a string xg which is
pinned in the both forward and backward directions. This
string xg is pinned for all models; if it is pinned at f c , we
call it a ‘‘critical elastic string’’ xc. The theorem can be easily
proved for a general elastic energy, which is local and con-
vex, by taking into account that the VMC algorithm only
moves fronts of minimal size.
The theorem allows us to understand that Eq. ~6! is indeed
an appropriate definition for all models: As we defined
f d(xa) only with respect to forward motion, one might have
imagined that a string which cannot advance at f c could
move backwards and then be avoided during the subsequent
forward evolution. Our theorem tells us that such loopholes
do not exist: Under VMC dynamics, an elastic string which
can no longer move forward, will move backwards and then
stop.
Conversely, we can show that a string which can no
longer move backwards under the VMC dynamics will ex-
clusively move forward and then stop. This observation sim-
plifies the numerical computations of the VMC algorithm.
Now, we show how to actually determine f c and xc. There
is no guarantee that a generic dynamic rule ~such as model a
or model b) will actually stop at xc, when driven at forces
f < f c . We performed simulations in small systems, where f c
and xc could be obtained by exact enumeration, and ob-
served that the string could pass the periodic sample many
times without getting pinned. We initially even suspected
that xc could be dynamically inaccessible from part of phase
space.
In this context, we were able to prove a second theorem:
Starting at an initial configuration x t0 with x i
t0<x i
c
, the VMC
algorithm at driving force f < f c can never pass xc ~cf. Ref.
18 for a related ‘‘no-passing’’ theorem for continuum Lange-
vin motion!.
In practice, we simply update the driving force by the
present depinning force f 5 f d(x t) each time we get stuck at
a configuration x t. In one pass through the system, we will
have obtained the critical force. The computation of f c and
of the critical string is thus extremely simple.
Furthermore, the VMC algorithm gives an explicit
construction—for any of the methods—which dynamically
connects an arbitrary initial state with a critical string. This
proves that all the models in Fig. 2 possess a single ergodic
component.
We now present our numerical calculations which show
that f c is finite for a sample of size (L ,M ) in the limit
L ,M→` with L/M5const. In all our calculations, we have
used a Gaussian normal distribution for the random potential.
For finite sizes (L ,M ), we define the integrated distribu-
tion function PL ,M( f ) as the probability that a sample of size
(L ,M ) possesses a critical force f c< f . Because of the metric
constraint, Eq. ~1!, we know that the lateral extension of the
string, maxi,juxi2xju, will be at most L/2. This can be used to
show that for M@L/2
PL ,2M~ f !5PL ,M2 ~ f !. ~7!
We will be interested in the intersection point f L ,2L be-
tween the integrated probability distribution for the system
of size (L ,M ) and the one of size (2L ,2M ):
PL ,M~ f L ,2L!5P2L ,2M~ f L ,2L!. ~8!
In fact, the single intersection f L ,2L will not depend on M for
large M, by virtue of Eq. ~7!. In our opinion, this observation
implies that the natural scaling for our system in the thermo-
dynamic limit is M;Lg with g51, i.e., that we should com-
pare the system of size (L ,M ) with another one, double in
size both in L and in M.
We have checked numerically that corrections to the scal-
ing relation, Eq. ~7!, are already negligible for L;M ~for
L.4) and that intersection points f L ,2L indeed do not depend
on M.L . In Fig. 3 we show data for PL ,L( f ) for L
516,32, . . . ,512. The inset of the figure gives the f L ,2L as a
function of 1/L for all sizes. It is evident that f L ,2L extrapo-
lates to a finite value, the critical force of the model in the
FIG. 3. Main figure: probability PL ,L( f ) to have a critical force
f c, f vs f for samples of size (L ,L) vs L for L516,32, . . . ,512.
The elastic constant is c/251, and a Gaussian normal distribution is
used for the disorder potential. For all large M, the curves PL ,M( f )
and P2L ,2M( f ) intersect at the same force, f L ,2L which, in the inset,
is plotted vs 1/L . The extrapolated value of f L ,2L in the limit 1/L
→0 is the critical force f c` of a macroscopic sample.
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thermodynamic limit, f c` . We find f L ,2L→ f c`50.9160.01
for c/251. The numerical value of f c` is due in part to the
value of c and to the imposed constraint. We stress again that
f c` is independent of the aspect ratio L/M .
The study of the statistical properties of the critical string
xc goes beyond the scope of this paper.19 We simply point
out here that the size k of the minimal unstable front is dis-
tributed approximately as p(k);exp(2k/ktyp) ~for large k).
Here, k typ depends on the elasticity parameter c, but remains
finite as L→` , although the VMC algorithm authorizes
fronts of all sizes.
Finally, we discuss possible extensions of the work pre-
sented here. We already indicated that our metric constraint
was introduced mainly for convenience as our theorems and
the VMC algorithm remain valid if Eel is a general convex
function. In the absence of the constraint, the lateral exten-
sion of the string may however scale as Lg with g.1. If so,
our scaling assumption, Eq. ~7!, would have to be modified.
We have also extended most of our results to higher-
dimensional manifolds and embedding spaces. There, the
only critical issue seems to be the complexity of the VMC
algorithm, as the number of possible fronts can be much
larger than in the linear string.
In conclusion, we have put the dynamical Monte Carlo
algorithm for the motion of elastic manifolds in random me-
dia on a solid footing. We have shown that only extended-
move schemes can capture the subtle interplay between elas-
ticity and disorder, which is totally absent from the
customary local algorithms. Our theorems allowed us to
compute features universal to all members of this class:
namely, the critical force, as well as properties of the critical
string. The variant Monte Carlo algorithm is crucial in that it
allows us to compute the critical force with full rigor even
for samples which are several orders of magnitude larger
than those accessible to exact enumeration methods. In the
continuum, the Langevin dynamics also satisfies a ‘‘no-
passing’’ condition,18 which has so far not allowed the rigor-
ous computation of critical elastic strings, as the numerical
discretizations have to be controlled. Our dynamical Monte
Carlo approach can be thought of as a rigorous cellular au-
tomaton model which is consistent with the continuum mod-
els. Furthermore, it implements the basic concept of detailed
balance and is therefore much easier to generalize to finite
temperatures than previous continuum and lattice formula-
tions.
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Origin of the Roughness Exponent in Elastic Strings at the Depinning Threshold
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Within a recently developed framework of dynamical Monte Carlo algorithms, we compute the rough-
ness exponent z of driven elastic strings at the depinning threshold in 1 1 1 dimensions for different
functional forms of the (short-range) elastic energy. A purely harmonic elastic energy leads to an un-
physical value for z . We include supplementary terms in the elastic energy of at least quartic order in the
local extension. We then find a roughness exponent of z  0.63, which coincides with the one obtained
for different cellular automaton models of directed percolation depinning. We discuss the implications
of our analysis for higher-dimensional elastic manifolds in disordered media.
DOI: 10.1103/PhysRevLett.87.187002 PACS numbers: 74.60.Ge, 02.70.Tt, 05.60.Cd
The competition between elasticity and disorder is a
central theme of current research in statistical physics.
The pinning of flux lines in a type-II superconductor [1],
the motion of a charge density wave [2], an interface in
magnets, and several realizations of surface growth [3] are
all governed by these two antagonistic mechanisms, one
trying to smooth the surface, the other striving to distort it.
These two mechanisms are already at work in the simplest
such system, a one-dimensional elastic string in a two-
dimensional medium, which today is far from being
solved. In this paper, we report progress in our under-
standing of the zero-temperature motion of this system
at the depinning threshold, defined by the critical driving
force fc. Above fc, the elastic string flows with finite
velocity, while it is pinned for forces f # fc. We consider
the problem on the lattice, but keep full contact with the
continuum description.
Previously [4], we showed that the dynamical Monte
Carlo method can be reconciled with the continuum equa-
tion of motion approach if extended, nonlocal, moves are
allowed for. In fact, earlier Monte Carlo work [5,6] had
been hindered by pathologies of the commonly used local
move set which leads to an infinite critical force for un-
bound disorder. Many workers in the field [7–9] had cir-
cumvented these problems by rather considering cellular
automaton models. These models are very useful. How-
ever, it is normally impossible to identify the differential
equation which results in the continuum limit. In con-
trast, the Monte Carlo dynamics is derived from an energy
function, and it satisfies detailed balance. We developed
a method which finds with great ease the critical string,
i.e., the string which is pinned at the critical force fc. In
[4], we showed that the critical force and the critical string
are completely independent of all the details of the (non-
local) Monte Carlo algorithm. Both from a conceptual and
a practical point of view, the situation is thus much better
controlled. In this paper, we are concerned with the sta-
tistical properties of critical strings for different functional
forms of the (short-range) elastic energy.
Specifically, we consider an elastic string ht 
h
t
i i0,...,L moving on a finite lattice of size L 3 M with
periodic boundary conditions in both directions. For
concreteness, we take our random potential V i, j at each
site to be made up of uncorrelated Gaussian variables with
unit variance. The energy of a string ht in the presence of
an external driving force f is given by
Eht  
LX
i1
V i, hti  2 fh
t
i 1 EelD
t
i . (1)
Here, the (short-range) elastic energy Eel is a function of
the local extension Dti  h
t
i11 2 h
t
i . Periodic continua-
tion is implied, such that, for large driving forces f, the
string ht keeps winding around the finite lattice. The vari-
ant Monte Carlo method presented in [4] allows one to
compute the critical string hc for an arbitrary local convex
elasticity.
The string’s roughness exponent z , in the thermody-
namic limit, is defined by
hci 2 h
c
j 
2  const 3 ji 2 jj2z . (2)
Following [10], we obtain z by computing as a function of
system size L the mean square elongation,
W2L : hc 2 hc2 . (3)
In Eq. (3), hc  1L
P
i h
c
i , while the overbar stands for
an average over the disorder.
As a first step, we show in Fig. 1 the mean square elon-
gation W2L as a function of L for a harmonic elastic en-
ergy EelD  D
2 for system sizes L 3 M up to 10242.
The data are very well fitted by a straight line of slope 2.34,
which indicates that the roughness exponent is z  1.17.
It is now well understood that a line with z . 1 cannot
represent a physical string [11]. In fact, the thermody-
namic limit breaks down in this case, and the structure of
the elastic string is described by a size-dependent constant
in Eq. (2) jh
c
i 2 h
c
j j
2  D2L ji 2 jj2, with a diverging
mean square extension D2L in the limit L ! ` [12].
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FIG. 1. Mean square elongation W 2L as a function of system
size L for a quadratic elastic energy EelD  D
2 (upper curve)
and for the model with metric constraint jDj # 1 and a  0
[cf. Eq. (5)]. The interpolating lines correspond to roughness
exponents of z  1.17 and 0.63, respectively.
The same behavior has been observed in the continuum
limit i ! x of the lattice model Eq. (1), where a har-
monic elastic energy yields a term =2 in the correspond-
ing time evolution equation (quenched Edwards-Wilkinson
equation):
≠
≠t
hx, t  f 1 hx, h 1 2a1=
2h . (4)
Here, the random force hx, h is the negative deriva-
tive of the random potential V in Eq. (1). Equation (4)
has been much studied by analytical methods [13–15] as
well as by direct numerical simulation [10,11,16,17], and
the existence of a roughness exponent in excess of one is
now well accepted. From the numerical work, we expect
a value of z  1.15 [10], while Chauve et al. [15] ob-
tained z  1.2 6 0.2 from a two-loop functional renor-
malization group calculation. Our numerical data in Fig. 1
thus establish perfect agreement of the lattice with the con-
tinuum framework.
The unphysical roughness of the elastic string described
by the quenched Edwards-Wilkinson equation has led
many authors [10,11] to conclude that a one-dimensional
string necessarily develops overhangs and islands, which
go beyond a description by a single-valued function
hx, t. Others [3,18] have attempted to introduce and to
justify nonlinear terms in the time evolution equation (4)
(cf. below).
In this paper, we study elastic strings which can be de-
scribed by a function hx, t. We pursue an approach based
on the analysis of the energy Eq. (1): We argue that a
diverging extension D is contradictory with the replace-
ment of EelD by the D
2 term, dominant only at small
jDj. Correspondingly, the quenched Edwards-Wilkinson
equation stems from a small gradient expansion [3], and is
incompatible with this situation. We find that z changes
and (i) becomes physical; (ii) becomes universal if terms
beyond lowest order in D are kept. A single higher-order
contribution to the elastic energy is found to be impor-
tant. It generates a nonlinear piece in the corresponding
continuum equation of motion, whose origin has not been
identified before.
We first consider an energy function, where the har-
monic potential is cut off by a metric constraint:
EelD 
8<
:
` jDj . 1
a jDj  1
0 D  0
. (5)
By construction, the constraint in Eq. (5) forces the rough-
ness exponent to be z # 1. Our data in the lower part of
Fig. 1 evidence, however, a much more interesting fact,
namely, an exponent z  0.63.
This exponent coincides with the one obtained in many
numerical simulations of directed percolation depinning,
as obtained with a variety of cellular automata models.
Very interestingly, both the cellular automaton (model
B) of Sneppen [7] and the rule proposed by Tang and
Leschhorn [8] explicitly provide for a local constraint
which limits the value of jDj, as we can do in Eq. (5).
Notice that a whole family of Monte Carlo rules corre-
spond to each energy function Eel and that the critical
strings coincide for all its members.
As mentioned in the beginning, we strive to keep full
contact between the Monte Carlo dynamics on the lattice
and the continuum description. This can be achieved more
easily if we consider smooth (but nonharmonic) functions
EelD of which Eq. (5) should be a limiting case. To do
so, we note that the elastic energy must be a symmetric
function of the local extension D. We make the ansatz to
write it as a power series in D2:
EelD  a1D
2 1 a2D
4 1 . . . , (6)
where we assume all coefficients ai to be positive. In this
way we assure convexity of the function EelD, which is
a necessary prerequisite for our numerical algorithm. By
direct computation of the roughness exponent in a vari-
ety of cases, we have found the same exponent z  0.63
whenever a term of at least quartic order in D was present.
Consider, in Fig. 2, our data for different choices of the
coefficient a1 and a2 in Eq. (6). As can be seen in the
figure, the roughness exponent is in all cases z  0.63, a
value which is not changed by powers D6 and higher. This
value of z is physically acceptable, as it yields a finite elas-
tic energy per link of the critical string. We conclude that
the elastic energy EelD contains only relevant terms of
order D2 and D4. This allows us to directly consider the
continuum limit.
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FIG. 2. Mean square elongation W 2L as a function of system
size L for elastic energies incorporating different quartic terms.
The interpolating lines correspond to roughness exponents z 
0.63, as for the metrically constrained curve in Fig. 1.
In this limit, the quenched Edwards-Wilkinson equation
is modified by the negative gradient of the quartic term,
≠
≠t
hx, t  f 1 hx, h 1 2a1=
2h 1 12a2=
2h
µ
≠h
≠x
∂
2
.
(7)
Our two observations are as follows: (i) Including a
term D4 yields a physically satisfactory roughness expo-
nent z , 1; (ii) powers D6 and higher do not influence the
value of z . These can now be interpreted in the light of the
standard hydrodynamic scaling argument (cf. [3]). This
argument supposes the string to be self-affine, so that a
scale transformation x ! bx corresponds to a transforma-
tion h ! bz h. In the hydrodynamic limit (b ! `), higher
derivatives [corresponding to higher-order terms in the
elastic energy Eq. (6)] are negligible compared to lower
ones if the roughness exponent satisfies z , 1. Notice
that the hydrodynamic scaling argument is self-consistent:
The roughness exponent has to satisfy z , 1 even after
dropping higher-order terms. The naive application of
the argument would lead us to neglect also the last term
in Eq. (7). This would bring us back to the quenched
Edwards-Wilkinson equation, which describes a string
which is not self-affine.
The discrepancy between the values of the roughness
exponents z  1.17 and z  0.63 has usually been inter-
preted as due to the presence of two distinct universality
classes for interface growth in disordered environments [3],
one belonging to the quenched Edwards-Wilkinson equa-
tion [Eq. (4)] [11,13–16], the other represented by the cel-
lular automata models [7–9] as well as by experiments on
directed percolation depinning [9]. We would argue that
z  1.17 is a specific result, valid for the harmonic poten-
tial only, and strongly dependent on the behavior EelD
for jDj ! `.
Numerical work by Amaral et al. [19] had detected the
presence of a nonlinear relevant term in cellular automata
that was initially believed to be caused by the l
≠h
≠x 
2 term
in the quenched Kardar-Parisi-Zhang (KPZ) equation [20]:
≠
≠t
hx, t  f 1 hx, h 1 n=2h 1 l	2
µ
≠h
≠x
∂
2
. (8)
However, in the KPZ equation this term is of kinematic
origin and vanishes at the depinning threshold [13,21,22],
where the critical string is a purely static object. It was
later proposed [18,21] that anisotropies in the disorder dis-
tribution might be responsible for such a nonlinear term.
In our system, an anisotropy is clearly absent. Rather,
we have shown here that a roughness exponent z  0.63
is naturally generated either by a higher-order term in the
elastic energy [cf. Eq. (6)] or, equivalently, by a metric
constraint as in Eq. (5). Such a constraint is also present
in cellular automata models. Without it, we generate an
unphysical elastic string with z  1.17. The nonlinear
term we introduced into Eq. (7) is the most relevant one
which can be generated at the microscopic level within the
static description of an energy function Eq. (1). Note that
such a description is sufficient below the depinning thresh-
old, where viscous or inertial effects are naturally absent.
We suspect that the nonlinear term may generate other,
more relevant, terms upon coarse graining (for related
work, cf. [23]). This point will certainly have to be stud-
ied analytically, and goes beyond the scope of this paper.
The quenched Edwards-Wilkinson equation has also
been studied for the driven motion of d-dimensional in-
terfaces in a d 1 1 dimensional target space. The d  4
dimensional exact, stable, solution has been used as
a starting point for perturbative renormalization group
calculations in dimension d  4 2 e [13–15]. The fact
that, in d  1, the roughness exponent z . 1 seems to
indicate that, by continuity, our nonlinear term will be
present even in higher dimensions. There are indications
of at least logarithmic divergencies even in d  2 [10].
Clearly, much effort will still be needed in order to
completely understand this system.
In conclusion, we have studied in this paper the effect of
the elastic energy on the statistical properties of a string at
the depinning threshold. For a harmonic energy Eel  D
2,
we find a roughness exponent z familiar from numerical
and analytical work on the quenched Edwards-Wilkinson
equation. This exponent indicates that the string is un-
physical, as the mean square extension of the string D2
diverges in the thermodynamic limit. We then studied dif-
ferent elastic energies, either by cutting off the harmonic
function with a metric constraint on jDj or by using a more
general (differentiable) ansatz for EelD. In both cases
we regularized the string and obtained a physically sound
roughness exponent z  0.63. The lowest order addition
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to the elastic energy, of quartic order in D, generates a
nonlinear piece in the corresponding continuum time evo-
lution equation.
Although we do not know at present how this new non-
linear term (which preserves the symmetry h ! 2h) will
behave under coarse graining, we can be quite sure that
it is correct on a microscopic level and gives a consistent
thermodynamic description of a driven elastic string at the
depinning threshold. It will generate a roughness exponent
of z  0.63 in the continuum.
Finally, we note that the Monte Carlo methods intro-
duced in [4] have allowed one to obtain the critical string
even for large systems, and for general convex energy func-
tions. This yields the completely transparent transition be-
tween the two situations with z  1.17 and z  0.63, of
which only the latter is universal and has physical rele-
vance [24].
During the course of this work we have benefited from
very valuable input by P. Le Doussal. We also thank
A. A. Middleton, L. Santen, and J. Vannimenus for helpful
discussions.
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Roughness at the depinning threshold for a long-range elastic string
Alberto Rosso* and Werner Krauth†
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In this paper, we compute to high precision the roughness exponent z of a long-range elastic string, at the
depinning threshold, in a random medium. Our numerical method exploits the analytic structure of the problem
~‘‘no-passing’’ theorem!, but avoids direct simulation of the evolution equations. The roughness exponent has
recently been studied by simulations, functional renormalization-group calculations, and by experiments ~frac-
ture of solids, liquid meniscus in 4He). Our result z50.38860.002 is significantly larger than what was stated
in previous simulations, which were consistent with a one-loop renormalization-group calculation. Further-
more, the data are incompatible with the experimental results for crack propagation in solids and for a 4He
contact line on a rough substrate. This implies that the experiments cannot be described by pure harmonic
long-range elasticity in the quasistatic limit.
DOI: 10.1103/PhysRevE.65.025101 PACS number~s!: 64.60.2i, 74.60.Ge, 83.60.Uv
The statics and dynamics of elastic manifolds in random
media govern the physics of a variety of systems, ranging
from vortices in type-II superconductors @1# and charge den-
sity waves @2# to interfaces in disordered magnets @3#, con-
tact lines of liquid menisci on a rough substrate @4#, and to
the propagation of cracks in solids @5#.
In most cases, the restoring elastic forces acting on a point
on the manifold are local, i.e., depend only on the deforma-
tion in its neighborhood. The corresponding short-range
string has been the object of many theoretical and experi-
mental studies. In the depinning limit, two different scenarios
are possible: numerical simulations and analytical calcula-
tions @6–8# have established that a string with an elastic
restoring force breaks at the depinning threshold, while per-
colation experiments and numerical studies on directed poly-
mers in random media @9,10# agree that in those systems
with stronger than harmonic restoring forces the roughness
exponent is z50.63.
It has also been shown @5,11# that for a contact line of a
liquid meniscus or for crack propagation in a solid, the elas-
tic force is long range, rather than local. Nonlocal elasticity
can be expected to modify the dynamic and static properties
of these systems and to change the critical exponents. In this
paper, we compute one of these exponents, the roughness
exponent z of a long-range elastic string at the depinning
threshold f c .
The theoretical approaches are up to now based on the
assumption that the motion of the line at the threshold is
quasistatic. This means that velocity-dependent terms in the
equation of motion of the deformation field h(x ,t) are taken
to be irrelevant and that it can be derived from an energy
function which incorporates potential energy due to the driv-
ing force f and the disorder potential h(x ,h), as well as
elastic energy. According to this hypothesis, the equation of
motion of the deformation field at zero temperature is
]
]t
h~x ,t !5 f 1h~x ,h !2kE dx1 h~x ,t !2h~x1 ,t !
~x2x1!
2 . ~1!
The last term in this equation accounts for long-range restor-
ing forces. Let us note that measurements of local velocities
for a liquid 4He contact line @4# have cast doubts on the
validity of the quasistatic hypothesis for the present experi-
ments.
The critical behavior of Eq. ~1!, at the driving force f
equal to f c , was studied by means of renormalization-group
~RG! techniques. The one-loop calculations @12# gave a
roughness exponent z (1) equal to 1/3, which at a time was
believed to be exact @12,13#. Early simulations based on ex-
tremal long-range models @14,15# (z50.3560.02) and on
cellular automata @16# (z50.3460.02) found good agree-
ment with this conjecture. However, experiments, both in
crack propagation @17# and for a liquid 4He contact line on a
rough substrate @4# have measured, near f c , a systematically
larger exponent (z50.5660.03). Chauve et al. @8# recently
showed that higher-order terms contribute to the RG result.
At two-loop order, they found an exponent z (2)50.47. The
large difference of the two-loop calculation with the lowest-
order result let it seem conceivable that the experimental
value could be explained by the model equation ~1!. In fact,
the authors of Ref. @8# estimated the exponent to be z50.5
60.1, which did include the experimental results.
In this paper we present a very precise method to deter-
mine the roughness exponent at f c . We show that the expo-
nent z has the value 0.38860.002. z is thus bigger than
what was suggested by earlier simulations ~cf., however,
@18#! but is, at the same time, incompatible with the experi-
mental situation.
The direct numerical simulation of the dynamics, espe-
cially of long-range systems, in the depinning region, is ex-
tremely tedious because the velocity of the manifold van-
ishes at the threshold, which is thus difficult to approach
@19,20#. Many authors, therefore, preferred to treat the prob-
lem within the framework of cellular automaton models.
These approaches can be very useful, but are hardly identi-
fiable with a continuum equation ~concerning the long-range
case; cf. Refs. @16,21#!.
However, there is an additional analytical structure in this
problem, as first noticed by Middleton @23# for the con-
tinuum models. For short-range lattice models @10,22#, we
used this additional information to compute the critical string
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~the blocked string at f c) in an extremely efficient way, but
without actually simulating the time evolution of the system.
On the lattice, the long-range model does not seem to be
open to such an approach, but the continuum model is, as we
will show in this paper.
To proceed, we discretize the variable x(x→x i ,i
51, . . . ,L) in Eq. ~1! and write h it instead of h(x i ,t). The
complete string at time t is thus given by h t
5$h1
t
,h2
t
, . . . ,hL
t %, where the h i
t are real periodic variables
for which h i1M and h i are identified. Periodic boundary
conditions are also applied in L: hL1i5h i . The equation of
motion ~1! is adapted to accommodate the periodic boundary
conditions. We have computed the long-range force f el by
summing over periodic images, as others have done before
us @14,15#, obtaining
f el@h i#5 (
i151
L21
@2c8~ i1 /L !2p2/sin2~pi1 /L !#
h i
t
2h i1
t
L2
,
~2!
where c5dG(x)/dx and G(x) is the gamma function. Dif-
ferent calculations, without the sum of images, gave an iden-
tical result for z . A random potential V(i ,h i) acts on each
site of the string. Our choice of the random potential is
shown in Fig. 1. It allows to obtain a differentiable potential
with h(i ,h i)52]V(i ,h i)/]h i .
The ‘‘no-passing’’ rule @23# establishes the following: if
two strings h and h˜ do not cross at a given time t ~say, h i
t
,h˜ i
t
;i), they will not cross at any later time. Another im-
portant property of Middleton’s theorem states that if, at an
initial time t init , the velocities v i
t are non-negative for all i,
they will remain so for all later times t.t init . It follows from
this property that, once we have found a forward moving
string h t init, we can be sure that snapshots of the string at later
times will never cross. In fact, the strings h t for t.t init will
form a noncrossing family with non-negative velocities,
which satisfies the following conditions:
~ i! h i
t>h i
t8
;i for t.t8.t init ,
~ ii! h i
t
→h i
t8 for t.t8.t init , t→t8,
~3!
~ iii! v~h i
t!>0 ;i for t.t init ,
~ iv!
]
]t
h i
t
5v~h i
t! from Eq. ~1 !.
The velocity v(h it) is given, as usual, by v(h it)5
2]E@h t#/]h i
t where E@h t# is the energy of the configuration
h t. In this context, we have made the following observation:
if our only aim is to obtain the critical string, rather than to
simulate the true time behavior, it is sufficient to generate
continuous noncrossing families satisfying ~i!, ~ii!, and ~iii!,
without imposing ~iv!. In this case, t would not be the physi-
cal time, but simply an ordering index; only then are the
three conditions ~i!, ~ii!, and ~iii! independent.
To assure that we can drop the condition ~iv!, we have to
guarantee that no member of such a family will ever cross a
blocked string hblock @by definition v(h iblock)[0], if h t init did
not. Let us suppose the contrary: if h t* were the first member
which touches the blocked line in one point i @as shown in
Fig. 2~a!#, the random force for h i
block and h i
t* would become
equal, but the elastic term would give v(h it*),v(hblock).
This would be a violation of condition ~iii!. Conversely, it is
easy to see that such a family can always be continued up to
a blocked line, because it suffices to find a single point i with
positive velocity to continue the construction.
In previous works @19#, the critical line was computed by
direct simulation of Eq. ~1!. Notice that the discretization of
time can pose difficult problems; during the interval time Dt
the motion does not respect Middleton’s theorem and, there-
fore, is not guaranteed to halt in front of a blocked string.
FIG. 1. Example of a random potential on the ith site with
periodic boundary conditions (M532). The circles are Gaussian
random numbers with zero mean and unit variance, assigned to
evenly spaced points h i51,2, . . . ,M . These numbers are then in-
terpolated by a periodic cubic spline, in order to yield a continuous
random potential V(i ,h i).
FIG. 2. ~a! No-passing theorem: h t* ~filled circles! and hblock
~open circles!. If h t* approaches hblock in a point i, the disorder
forces become equal, but the elastic term ~represented by arrows!
prevents h t from exceeding hblock for t.t*. ~b! Algorithm. The
point i of the string ~filled circles! is moved from h i to h i8 in one
step. Between h i and h i8 , the string’s velocity in i remains positive
and is zero at h i8 . A blocked configuration is drawn ~open circles!:
our string may approach this configuration, but cannot pass it.
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The construction of continuous noncrossing families of
strings presents a much more powerful, completely rigorous
approach. As indicated in Fig. 2, we consider in practice
families in which at a given instant only a single coordinate
i moves. Coordinate i is then advanced ~from h i to h i8) until
its velocity vanishes @„v(h i8)50# . This is of course not done
by simulation, but in a single step, by computing the zeros of
v(h i). To simplify our numerical work, we have represented
the continuous random potential as a spline ~a piecewise
third-order polynomial in h), as further explained in Fig. ~1!.
This allows us to solve for the closest zero of the velocity
function from a quadratic equation. The only parameter in
this procedure is the minimal velocity below which the total
string is assumed blocked, and which serves to terminate our
iteration. We have varied this nonessential parameter by four
orders of magnitude, and shown that the critical forces and
exponents are extremely well stabilized.
An initial forward-moving string h t init is very easy to ob-
tain. We have remarked that our iterative algorithm, which is
completely rigorous, converges extremely quickly to a
blocked string if such an object exists. A bisection method
then allows us to obtain the critical driving force f c , and the
critical string. We stress again that, by construction, a
blocked string is never passed.
We have run this algorithm on a large number of samples
with L5M . Sample sizes varied from L58 to L52048. We
compute the mean-square elongation W2(L) of a critical
string hc as
W2~L !:5^~hc2^hc& !2& ~4!
In Eq. ~4!, ^hc&51/L( ih i
c
, while the overbar stands for
an average over the disorder. Our data extrapolate very well
and a mean-square analysis including the data from L
5Lmin516 up to L52048 yields z50.38860.002. In the
inset of the figure, we show that this mean-square analysis
does not systematically depend on Lmin , the smallest sample
size included in our fit, for sizes larger than Lmin58 ~as can
be seen in Fig. 3, the L58 data are too low!.
We believe that the linear scaling (L ,M )→(aL ,aM )
@22# is the correct way to approach the thermodynamic limit
in this system, for which z,1. This has also been assumed
in all previous work on this and related systems @16,19,20#.
We have explicitly checked that the result for the roughness
exponent does not depend on the ratio L/M , as is evident
@22#. More importantly, one should expect identical results
even for scalings M;Lz8 for z8.z , as the critical line only
correlates sites on a scale Lz. This is indeed what we find.
As an example, we show in Fig. 3 data for a scaling M
5L1/2. For these systems, the critical force is smaller and the
extension of the critical line is smaller, but the roughness
exponent is unchanged, lending further credit to our value of
the roughness exponent, and to the tight error bar. Too small
values of M cannot reasonably be studied on a finite system,
because the critical line may then wind around the periodic
box, introducing spurious effects, which are difficult to in-
clude into a finite-size analysis. It is for this reason that we
have not studied values of z8 very close, or identical to z .
In conclusion, we have obtained the roughness exponent
for long-range elastic strings by a numerical procedure which
respects the analytic structure in the problem ~no-passing
theorem! and allows to obtain very high precision. Our ap-
proach can certainly be extended to other problems, and we
would in particular be interested in simulation methods
which allowed to study, e.g., the KPZ equation @24# directly
in the continuum. This is most important, as it has been
shown that the effect of discretizations can be very difficult
to control @25#.
The large difference of the result with the experimental
value shows that the theoretical model of these processes
will certainly have to be modified in an essential way. One
possibility is that velocity-dependent terms have to be taken
into account. This appears reasonable, as large local veloci-
ties have been observed in the experiments.
The authors would like to thank P. Le Doussal, S. Mouli-
net, and E. Rolley for very helpful discussions.
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